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Circular Convolution

Multiplication of N-point DFTs corresponds to time-domain circular convolution.

v (z ® h)[n] «— Xn[k]Hn[K] (z ® h)n] = N DFT{Xy[k]Hy[k]}
N-1 N-1
(z@h)n]= > m[m]h[((n —m) modN)] =(h@z)n]= ) h[m]:c[((n —m) modN)]
m=0 m=0

Computing a circular convolution may seem complicated, but it is really simple.

¢ Perform linear convolution — the convolution you're already familiar with.
o Wrap the result of linear convolution into a length-N interval.

This is time-aliasing, which is the time-domain analogue of the more familiar frequency-aliasing.
o Periodically extend every N samples.

Compute the result using superposition. Use a table or sketch a plot to keep track of the values.

n = o] 2]  [3] 5] [6] 9]
z[n] = 1 1 1 1 0 0 0 0 0 0
h[n] = 1 2 3 0 0 0 0 0 0 0

n = o] 2] [3] [4] [5] 6] 9]
Rl0]z[n —0] = 1 1 1 1 0 0 0 0 0 0
h]z[n—1] = 0 2 2 2 2 0 0 0 0 0
hl2lz[n—2] = 0 0 3 3 3 3 0 0 0 0

(@xh)n] = 6] [6] o] [of [o] [of
(z@h)ln] = 3] [e] [6] 3] 3] [6] 6]
(@@h)sn] = [4] [3] [6] [6] [5] [4 [3] [6] [6] [5]
(@@han] = (6] [6] [6] [6] [e] [6] [6] [6] [6] [6
(z@h)aln] = 9] 9] 9
(@®hpl = [12] [12] [12] [12] [12] [12] [12] [12] (12| [12]
(x®h)n[n) = [24] [24] [24] [24] (24] |24] |24] [24] [24] [24]

Here’s the take-home message for today: You need to get comfortable with performing convolution from
this moment on. If you can’t perform convolution, you can’t perform circular convolution. We will perform
convolution for the rest of the class. There will be many convolution problems in the homework and on the
quizzes. Going forward, you cannot succeed in this class if you cannot perform convolution.

On the bright side, once you can perform convolution, circular convolution is easy!




Convolution: Three Ways

The signal z[n], defined below, is zero outside the indicated range.

Consider three ways to calculate the convolution of x[n] with itself.
1. direct convolution:

yiln] = (@xa)[n) = Y afmlzn—m]
2. using DTFTs:
1 ; s .
y2[n] = o ) X2(Q)e™dQ  where X(Q) = nzz_oox[n]e_m”
3. using DFTs of length N=16:
[n] = 16iX2[k]ej%” where X[k] = L iz[n]e_j%”
. - k=0 - 16 n=0

Convolution: Three Ways

The plots on the right show the first ten samples of five signals.
Match the signals on the left with the corresponding plots on the right.

y1 = ( * x) B 1

yo = DTFT 1 (X2(Q)) c 1

y3 = NxDFT ™' (X?2[k]) D ? } | 7 11
0 n




Circular Convolution

Multiplication of DFTs corresponds to circular convolution in time.
sume that F'[k] is the product of the DFTs of f,[n| and fy[n].
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where f,[n]
We refer to this as circular o
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fo[m] fap[n—m]

= fa[nmod N] is a periodically extended version of f,[n].

r periodic convolution:

Fa[k] X Fb[k]

As-

Circular Convolution

Circular convolution is equivalent to conventional convolution followed by

periodic summation of results

shifted 0:
shifted 1:
shifted &:

(fa *fb)[n]

(fa@ fb)[n]

back into base period.
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Circular Convolution

Circular convolution of two signals is equal to conventional convolution of
one signal with a periodically extended version of the other.

2 — c
(fa® fo)ln]: ”1 iT ..... I ...... ”T ..... ” n

Summary

One of the most useful properties of the DTFT is its filter property: con-
volution in time corresponds to multiplication in frequency.

(f*g)ln] =" F(QG(Q)

The DFT is slightly more complicated since the DFT is equivalent to the
DTFS of a periodicaly extended version of z[n|:

z[n] = z[n + mN] for all integers m

A result of this periodicity is that the convolution that results when two
DFTs are multiplied is also periodic.

We refer to this type of convolution as ‘“circular convolution.”
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