
6.300: Signal Processing
Tutorial Topics Frequency Response and Filtering
Author Titus K. Roesler (tkr@mit.edu)

Frequency Response
Complex exponentials are eigenfunctions of LTI systems.

e jωt → LTI → H(ω)e jωt = |H(ω)|e j(ωt+∠H(ω)) X(ω)→ LTI → Y (ω) = H(ω)X(ω)

e jΩn → LTI → H(Ω)e jΩn = |H(Ω)|e j(Ωn+∠H(Ω)) X(Ω)→ LTI → Y (Ω) = H(Ω)X(Ω)

We may characterize an LTI system as a filter that shapes a signal’s spectrum.
Here is the physical interpretation: If the input to an LTI system is a sinusoid, the output of the LTI system
is a scaled (i.e., amplified or attenuated) and phase-shifted sinusoid.

cos(ωt)→ LTI → |H(ω)| cos
(
ωt+ ∠H(ω)

)
cos(Ωn)→ LTI → |H(Ω)| cos

(
Ωn+ ∠H(Ω)

)

Convolution Theorem
Convolution in time corresponds to multiplication in frequency.
Convolution in frequency corresponds to multiplication in time.

(x ∗ h)(t)←→ X(ω)H(ω) x(t)h(t)←→ 1
2π (X ∗H)(ω)

(x ∗ h)[n]←→ X(Ω)H(Ω) x[n]h[n]←→ 1
2π (X ∗H)(Ω)

Difference Equation vs. Impulse Response vs. Frequency Response
Consider the LTI system represented by the following difference equation.

∞∑
k=−∞

aky[n− k] =
∞∑

k=−∞
bkx[n− k]

Computing the DTFT yields the frequency response.

∞∑
k=−∞

ake
−jkΩY (Ω) =

∞∑
k=−∞

bke
−jkΩX(Ω)←→ H(Ω) = Y (Ω)

X(Ω) =
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k=−∞ bke
−jkΩ∑∞

k=−∞ ake−jkΩ

The impulse response is given by the inverse DTFT of the frequency response. H(Ω) is a rational polynomial
that one can decompose into a sum of simpler rational polynomials (e.g., via partial fractions) with simpler
inverse DTFTs.

h[n] = 1
2π

ˆ
2π

H(Ω)e jΩndΩ

e.g., h[n] = 1
2π

ˆ
2π
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Hint #1: Analyze each system component separately.

Is the multiplier g[n] = (−1)nf [n] linear and time-invariant?

Is the low-pass filter f [n]→ LPF → g[n] = (f ∗ hLPF)[n] linear and time-invariant?

If all three system components are linear, the composite system is linear.
If any system components are nonlinear, can the composite system be linear?

If all three system components are time-invariant, the composite system is time-invariant.
If any system components are time-variant, can the composite system be time-invariant?

Hint #2: Determine the unit-sample response hLPF[n] corresponding to frequency response

HLPF(Ω) = HLPF(Ω + 2π) =
{
1 −Ωc ≤ Ω mod 2π ≤ Ωc

0 otherwise.

Then determine the frequency response HHPF(Ω) corresponding to the unit-sample response

hHPF[n] = (−1)nhLPF[n].

Sketch HLPF(Ω) and HHPF(Ω) over −2π ≤ Ω ≤ 2π.




