6.300: Signal Processing

Tutorial Topic Discrete-Time Fourier Series
Author Titus K. Roesler (tkr@mit.edu)

Fourier Series Formulae

Continuous-Time Fourier Series (CTFS)

f(t) is a T-periodic function with fundamental angular frequency wo = 27/T.

Synthesis: f(t)= ) ape/™"" Analysis: aj, = T / f(t)eIhwot
T

k=—o00
Discrete-Time Fourier Series (DTFS)

f[n] is an N-periodic sequence with fundamental angular frequency Qp = 27/N.

Synthesis: f[n] = Z agelFbor Analysis: a, =% Z fn]e ko
k=(N) n=(N)

A Few Properties of Fourier Series

Here are a few properties of Fourier series that we’ll use often in this class. We’ll learn more over time.

Linearity
fi(t) <= Fi[k] fo(t) <= Fylk] f@) = afi(t) + Bf2(t) <= Flk| = aFi[k] + BF:[k]
filn] <= Fi[k] f2[n] <= F[k] fln] = afiln] + Bfa[n] < F[k] = aFi[k] + BF;[K]

Time Shift

f(t) < Flk] flt—ty) <= F[k]e—jkwoto = F[k”ej(AF[k]—kwoto)
fln] < F[k] fln —ng] <> Flk]e kom0 = |F[k]|ej(4F[k]—kﬂono)
Time Flip
f(t) < Flk| f(~t) < F[-k|
fln] < F[k] fl-n] < F[-k]

Conjugate Symmetry (Hermitian Symmetry)

Real-valued signals have conjugate-symmetric Fourier series coefficients.
real-valued f(t) <= F'[k] such that F"*[k] = F[—k]| where * denotes complex conjugation

real-valued f[n| <= F'[k| such that F"*[k] = F[—k]| where * denotes complex conjugation
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Synthesis Equation
fln] = fin+ N] = Zake n

Analysis Equation
1 2k
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Find the DT Fourier Series Coefficients

Let f[n] represent a periodic DT signal with period N = T:

fln]

1

i 1 i
T

Determine the Fourier series coefficients F[k] for f[n].
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Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67

e[n]
e ]etlte o1,

Determine the Fourier series coefficients E[k] for e[n].

Find the DT Fourier Series Coefficients

Consider a new signal g[n| derived from f[n] as follows:
gin] =9 — 3f[n — 1]
fIn]

[Tt ]etlloy o1,

7

Find the DTFS coefficients of g[n].




Find the DT Fourier Series Coefficients

Consider another new signal

hln] = (=1)"f[n]

where

fn]
1 —

Lol

0

Find the DTFS coefficients of h[n].

Angular Trends

Which of the following plots shows the angle of e /%7
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Angular Trends

Which of the following plots shows the angle of (1 + 0.8¢/%)?
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Angular Trends
: : 1+40.4e7%
Which of the following plots shows the angle of (—)?
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Angular Trends

Which of the following plots shows the angle of (1 + ¢/*)7?
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Angular Trends
Which of the following plots shows the angle of (1 + 0.8612“3)?
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Angular Trends

Which of the following plots shows the angle of (0.9¢/*+0.8¢7%)?
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Angular Trends

Which of the following plots shows the angle of (
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Discrete-Time Fourier Series: Matrix-Vector Notation

Though we won’t use matrix-vector notation in 6.300, some students may appreciate conceptualizing the
discrete-time Fourier series analysis and synthesis formulee as matrix multiplications.

Notation: Let =, = z[n]. So, for example, xo = z[0], z1 = z[1], 2 = z[2], and so on.

The DTFS analysis formula for a DT signal z[n] which is periodic in N = 4 samples

13 2m
ar =7 Y el T
n=0 (—5)km

defines a system of four algebraic equations. Each equation yields a DTFS coefficient.

apg =

ag =

(:E() + T+ T2 +l‘3)

(1170 —x1+x2 — :I?3)

e i N

ay =

ag =

(zo + jz1 — 2 — jx3)

(x() — j-’Bl — T2 +j.’L'3)

N N N

We can write this system of equations in matrix-vector form.

ap 1 1 1 1 Zo
ai _]- 1 —j -1 ] 1
az| 41 -1 1 -1 |z
as 1 j -1 —j 3

-~

Fourier analysis matrix

Likewise, the DTFS synthesis formula for constructing a periodic DT signal from a linear combination of
periodic complex exponential basis functions e+

3
z[n] = Z ay ¢l Tkn
k=0 (])kn
also yields a system of four algebraic equations. Each equation yields a sample of the DT signal z[n].

o =ag+ a1 +as+as 1 =ag + jar —az — jas

Tz =ap—a1+az —as z3 =ap — jai1 — a2 + jas
We can write this system of equations in matrix-vector form.

1 1 1 1 1

) 1 1 ag

T1| _ 1 ] -1 - j _ 1 j -1 - ] ai

s S| T Sy et s TS -1 e

z3 1 —J -1 J I =5 -1 j] a3
DC m/2 rotations 7 rotations  3xw/2 rotations  Fourier syn;gesis matrix




