6.300: Signal Processing

Discrete-Time Fourier Transform

Analysis: X(Q) =3 z[p]e /"

n—=—oo

Synthesis: z[n] = 5- [, X(Q)e"dQ

Time Delay: z[n — ng] < ¢ 70 X(Q)

Frequency Derivative: nz[n] < j-LX(Q)

Periodic Signals: X(Q) =), 27 X[k]6(Q — kQo)




Agdgenda for Recitation

e Discrete-time Fourier transform (DTFT)

[ What questions do you have from lecture?




Fourier Transforms

Determine X;(Q2), the Fourier transform of x[n].

n >0
z[n] = " "= Where Ir| <1
0 n <0

Sketch [X1(Q)] and ZX;(Q).
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Fourier Transforms

Determine X;(2), the Fourier transform of z;[n].

n >0
mnl=4" "= where |r| <1
0 n <0

Sketch | X;(Q)| and ZX;(Q).

Compute the Fourier transform.

_ n _—iQn __ —i\n _
X1(92) —;)r e d —nzzo(re J ) =10

Sketch the magnitude and phase using a graphical
method: Draw a complex-plane vector diagram.



Fourier Transforms
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The magnitude | X;(2)| is shown above.
Because ¢/ is periodic in 2w, so too is | X1(Q2)].



Fourier Transforms

-
mn
& /21
=
g o
Q
8—7r/2-
©
—
-2 s 0 T

frequency Q (radians per sample)

The angle ZX;(Q) is shown above.
Because ¢/ is periodic in 2w, so too is ZX;(9).



Fourier Transforms

Determine X;(2), the Fourier transform of z;[n].

n >0
mnl=4" "= where |r| <1
0 n <0

Sketch | X;(Q)| and ZX;(Q).

As an aside, it's interesting to note that geometric
sequences are the discrete-time (DT) analogue of
continuous-time (CT) exponential functions.
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Exponential functions e solve differential equations,
while geometric sequences r" solve difference equations.



Fourier Transforms

Determine X»(Q2), the Fourier transform of ax[n].
Tt > g
n<n

Sketch |X2(2)] and £X5(Q2). How are |X»(2)| and | X1 ()]
related? How are ZX,(Q2) and ZX;(Q2) related?

x9[n]

TT?%W o

0 ny
time n (samples)




Fourier Transforms

Determine X»(Q2), the Fourier transform of ax[n].

r"T n > ng
0 n < ng

Sketch |X2(2)] and £X5(Q2). How are |X»(2)| and | X1 ()]
related? How are ZX,(Q2) and ZX;(Q2) related?

\ J

Delay property: mz[n] = z1[n — ng] <= Xo(Q) = e 70 X1 (Q).
Magnitudes multiply: |Xo(Q)] = [e7 79| X1(Q)| = | X1(Q)].
Angles add: ZX5(Q) = Ze 70 4 £ X1(Q) = —Qng + £X1(Q).



Fourier Transforms
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To sketch ZX,(Q2), start by sketching ZX;(Q).



Fourier Transforms
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Sketch the —Qny term.
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Fourier Transforms
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Angles add: ZX5(Q2) = —Qnp + £X1(Q).
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Fourier Transforms
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Finally, wrap ZX5(Q) into the [—=, 7] range.
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Fourier Transforms
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As ng — 0o, the —Qngy line slopes downward more steeply.



Fourier Transforms
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As ng — 0o, the —Qngy line slopes downward more steeply.



Fourier Transforms

Determine X3(Q2), the Fourier transform of a3[n].
x3[n] = Symmetric{z;[n]}

If a time-domain signal is real and symmetric,

what can you say about the Fourier transform?
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Fourier Transforms

Determine X3(Q2), the Fourier transform of a3[n].
x3[n] = Symmetric{z;[n]}

If a time-domain signal is real and symmetric,
what can you say about the Fourier transform?

.

The Fourier transform is linear.
z3[n] = %11[74 + %m[—n]

1 — rcos(Q)
X3(Q) =1ix1(Q) +ix(—Q) =
3() @)+ 359 1—2rcos(Q) + r2

Notice that X3(Q) is real and symmetric.



Fourier Transforms

Determine X4(Q2), the Fourier transform of ay[n].
z4[n] = Anti-symmetric{z[n]}

If a time-domain signal is real and anti-symmetric,
what can you say about the Fourier transform?
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Fourier Transforms

Determine X4(Q2), the Fourier transform of ay[n].
z4[n] = Anti-symmetric{z[n]}

If a time-domain signal is real and anti-symmetric,
what can you say about the Fourier transform?

.

The Fourier transform is linear.

z4[n] = jai[n] — L21[—n]

= o= o R

Notice that X4(Q2) is imaginary and anti-symmetric.



Fourier Transforms

Determine X5(Q2), the Fourier transform of a3[n].

z5[n] = nx1[n]




Fourier Transforms

Determine X5(2), the Fourier transform of u5[n].

z5[n] = nx1[n]

Differentiate in the frequency domain.

X1(Q) = Y mln)e /™
in(Q) i (—jn)x[n]e 7
s =
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Fourier Transforms

Determine Xs(2), the Fourier transform of uzs[n].

1\3
i = [ (D)7 € {0.2:4,681012,.)
0 otherwise

What does “stretching in time” do in frequency?

x6[n]
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Fourier Transforms

Determine Xs(2), the Fourier transform of uzs[n].

1\3
win = { B nef024681012,. )
0 otherwise

What does “stretching in time” do in frequency?

Make a change of variables: n =2m.

a n . i . > . m
XO(Q) _ Z (%)5 ef]Qn _ Z (%)meﬁyﬂ@m) _ Z <%67‘72Q)
n even m=0 m=0

Stretching in time? Compressing in frequency!
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Fourier Transforms

r7[n] has Fourier transform X;(§2). Determine z;[n].

X7(Q) = 79




Fourier Transforms

r7[n] has Fourier transform X;(§2). Determine z;[n].
X7(Q) = e
Plug in to the synthesis equation.
wr[n] = 1/ e It g0 = 1/ eI =3) g0) = {1
27 Jor 21 Jon
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Lessons Learned

The discrete-time Fourier transform (DTFT) is a
Fourier representation for aperiodic and periodic
discrete-time signals. It has many useful properties.

Analysis: X(Q) =522 z[n]e 7"

n=—oo

Synthesis: z[n] = 5= [, X(Q)e"dQ

Time Delay: z[n — ny] < X(Q)e %m0

Frequency Derivative: nz[n] < j-LX(Q)

Periodic Signals: X(Q) =), 2nX[k]0(2 — kQo)




Question of the Day

Previously, we derived the time-derivative property
for the continuous-time Fourier transform.

d .
ax(t) = jwX(w)

Does the discrete-time Fourier transform have a
time-derivative property? Why or why not?




