6.300: Signal Processing

Continuous-Time Fourier Transform

Analysis: X(w)= [%_z(t)e *!dt

Synthesis: z(t) = = [ X(w)etdw
27

— 00

Time Delay: z(t — t)) < X(w)e «h

Time Derivative: $z(t) < jwX(w)

Periodic Signals: X(w) =), 2rX[k]0(w — kwo)




Agdgenda for Recitation

e Continuous-time Fourier transform (CTFT)

[ What questions do you have from lecture?




Fourier Transform Conventions

There are many competing conventions for how to define
the Fourier transform. You can refer to any source you
want, but you must use our conventions in 6.300!

[e.9]

X(w) 2 / z(t)e ™t z(t) = % /_OO X(w)e!dw

—00

Don't use these conventions — at least for now!

X(jw) & [7 x(t)e I dt Why call it a function of jw?
X(f) = [Z =t ) e=I2mft gt Function of f, not w = 2xf.
Bw) & o= J2 w(t)e 7 dt Too many +/2x factors.

While we're all still learning the basics, please stick to our
conventions. We want to minimize confusion.



Fourier Transforms

Determine Xj(w), the Fourier transform of z;(¢).

() et t>0
€T =
! 0 t<0

Next, sketch Re{X;(w)} and Im{X;(w)}.
Finally, sketch | X;(w)| and ZX;(w).

—
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amplitude z(t)
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time ¢



Fourier Transforms

Determine Xj(w), the Fourier transform of z;(¢).

() et t>0
€T =
! 0 t<0

Next, sketch Re{X;(w)} and Im{X;(w)}.
Finally, sketch | X;(w)| and ZX;(w).

L J

Directly compute the Fourier transform.

X(w)/ooetewdt S (S ) —
nr=, T 14w \1+xw?) \11e?

Re{X1(w)}  Im{Xi(w)}

Now, let's sketch Re{Xj(w)} and Im{X;(w)}.



Fourier Transforms

real part imaginary part

w0 0 w>0 w0 0 w>0
frequency w (radians per second) frequency w (radians per second)

Think of the asymptotic behavior to make a sketch of

1 w

“Trw? i Re{X1(w)} + jIm{X;(w)}.

X1 (w)

As w—0, Xi(w) = 1. As w— +oo, Xi(w) — 0.

You don’'t need to be Rembrandt or Rubens to sketch
these plots — a rough idea is fine.



Fourier Transforms

magnitude

[ R T N
L L

w <0 VI -3 0 3 5 w>0

frequency w (radians per second)

Sketch the magnitude of

1
14w

Xl(w)

using a graphical method: Sketch 1+ jw (as a parametric
function of w) in the complex plane. When |1 + jw| is
small, |Xi(w)| is big. When |1 + jw| is big, |Xi(w)| is small.




Fourier Transforms

-
‘@ 3m/4
E /2
o —7/41
é) —7/2
© —3m/4
o
w0 10 1

frequency w (radians per second)

Sketch the phase of

1
1+ jw

X1 (w)

using the same graphical method.

/X1 (w) = Z(1) = Z(1 4 jw) = 0 — tan™}(w) = — tan (w)

w>0



Fourier Transforms

Determine Xz(w), the Fourier transform of xy(¢).

{e—(t—to) t> 1

2(t) =21 (t — ) = 0 -

Sketch | X3 (w)| and £X3(w). How are | Xs(w)| and | X3 (w)]
related? How are /X3(w) and ZX;(w) related?
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Fourier Transforms

Determine Xz(w), the Fourier transform of xy(¢).

—(t=to) 4>
@(t):xl(t—to):{; oy

Sketch | X3 (w)| and £ZX3(w). How are |Xa(w)| and |X;(w)|
related? How are ZX3(w) and ZX;(w) related?

Delay property: a(t) = 21(t — t9) = Xo(w) = e @0 X; (w).
Magnitudes multiply: |Xo(w)| = |e 0 || X1 (w)| = | X1(w)|.
Angles add: /Xs(w) = Ze @0 4 /X1 (w) = —wiy + £ X1 (w).

A time delay alters phase — but not magnitude. For a
higher |w|, the same delay #, corresponds to a larger phase
shift.




Fourier Transforms

angle (radians)
|
4

w0 101 w0
frequency w (radians per second)

To sketch ZXs(w), start by sketching ZX;(w).



Fourier Transforms

angle (radians)

w< 0 101 w0
frequency w (radians per second)

Sketch the —wiy term.



Fourier Transforms

angle (radians)

w< 0 101 w0
frequency w (radians per second)

Angles add: ZX(w) = —wiy + £X1(w).



Fourier Transforms

angle (radians)
o

w< 0 101 w0
frequency w (radians per second)

Finally, wrap ZXs(w) into the [—m, 7] range.



Fourier Transforms

Determine Xs3(w), the Fourier transform of z3(¢).
z3(t) = Symmetric{z;(¢)}

If a time-domain signal is real and symmetric,
what can you say about the Fourier transform?

—_
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amplitude z3(t)
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Fourier Transforms

Determine Xs3(w), the Fourier transform of z3(¢).

z3(t) = Symmetric{z;(¢)}

If a time-domain signal is real and symmetric, then the
Fourier transform is real and symmetric, too.
23(t) = 21 (t) + S21(—t)
1
X3(w) = 3 X1 (w) + 53X (~w)

=112 Re{Xi(w)}

X3(w) is real and non-negative, so ZX3(w) =0 for all w. In
general, real-valued signals either have angle 0 (when
non-negative) or angle +7 (when negative) — they lie
flat along the real axis.



Fourier Transforms

Determine Xy(w), the Fourier transform of z4(¢).
z4(t) = Anti-symmetric{z;(¢)}

If a time-domain signal is real and anti-symmetric,
what can you say about the Fourier transform?
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Fourier Transforms

Determine Xy(w), the Fourier transform of z4(¢).
z4(t) = Anti-symmetric{z;(¢)}

If a time-domain signal is real and anti-symmetric,
what can you say about the Fourier transform?

.

If a time-domain signal is real and anti-symmetric, then
the Fourier transform is imaginary and anti-symmetric.

:E4(t) = %:El(ﬂ — ll‘l(*t)

Xy(w) = %Xl(w) — %Xl(fw)

[\

— s = i Tm{X ()}

Remember: The imaginary part Im{X;(w)} is real.



Fourier Transforms

Determine X5(w), the Fourier transform of z5(¢).

d
t) = —my(t
5(t) dtm( )
Hint: Start from the synthesis equation.
What does differentiating with respect to time do
the Fourier transform of a signal?




Fourier Transforms

Determine X5(w), the Fourier transform of z5(¢).

d
t) = —my(t
z5(t) = — aa(t)
Hint: Start from the synthesis equation.
What does differentiating with respect to time do
the Fourier transform of a signal?

Derivative in time? Multiply by jw in frequency.

d d( 1 [ .
z5(t) = %m(t) = <27r/ X4(w)e]“tdw>

1 [ )
= / (jwXs(w)) e dw
27 00 ——
X5(w)



Fourier Transforms

76(t) has Fourier transform Xg(w). Determine zg(t).

—w >0
Xg(w) = e ¢l = ¢ W=
6(w) {ew w<0

amplitude Xj(w)
o -
<t o

o
o
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frequency w (radians per second)



Fourier Transforms

76(t) has Fourier transform Xg(w). Determine zg(t).

e Y w>0
e% w<0

Xo(w) = e~ lwl — {

Split into two intervals: w >0 and w < 0.

I ; 1 [ ; 1( 1
z6(t) = / e“ et dw + / e Yelldy = = | ——
21 J_ o 27 Jo 7\ 1+ 2

The result is proportional to the Fourier transform of
Symmetric{z (t)} — with time ¢ in place of frequency w.

z(t) —= X(w)
X(t) <= 2mz(—w)



Lessons Learned

The continuous-time Fourier transform (CTFT) is a
Fourier representation for aperiodic and periodic
continuous-time signals. It has many useful properties.

Analysis: X(w)= [ z(t)e ¥ dt

Synthesis: z(t) = 5= [ X(w)e/*!dw

Time Delay: z(t — t)) < X(w)e @k

d

Time Derivative: Jz(t) <= jwX(w)

Periodic Signals: X(w) =), 2nX[k]0(w — kwo)




Question of the Day

Suppose that z(t) is periodic in T = 2.
The Fourier series coefficients of z(¢) are
1
5= k==1
X[k] — ) 2r )
0 otherwise

Make a rough sketch of the Fourier transform X(w).




